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Under the assumption that chemistry can indeed be tabulated
from these trajectories, the definition of progress variables stands
as an open question for many practical situations, where the fuel
is a mixture composed of more than a single molecule or for high-
hydrocarbon fuels exhibiting nonmonotonic evolution from fresh
to burnt gases, as in the case of cool-flame ignition. The objective
of this paper is to discuss a framework for automatic definition of
a progress variable as a linear combination of species mass fractions,
the unknowns being the weighting coefficients applied to every spe-
cies. The approach is organized so that all species of the detailed
chemical scheme may contribute, even minor ones, yielding a ro-
bust strategy for projecting chemistry into a reduced subspace.

Two constraints are imposed on the progress variables: to en-
sure a one-to-one relation with thermochemical variables, they
must be continuously growing from fresh to burnt gases along
the selected chemical trajectories, and the derivative of the pro-
jected variables in progress variable space must stay moderate,
to control look-up table accuracy. These two constraints are dis-
cretized along representative chemical trajectories, computed with
detailed chemistry, to be transformed into a large set of inequali-
ties (typically on the order of a few million) that the vector of
weighting variables defining the progress variable must verify.
For methane/air, a representative kerosene/air, and n-heptane/air
mixtures, it is shown that a feasible and valid solution may be ob-
tained using well-established optimization tools.

Methods such as CSP [8] and ILDM [25] provide a solid and
rather generic framework for chemistry projection into a subspace.
It is worthwhile to note that the automated methods discussed in
this paper are only valid for given chemical trajectories, obtained
from preliminary flame simulations. They are not grounded on a
systematic and prior analysis of the dynamic response of the sys-
tem, but rather on its solution observed in real flame simulations
for given boundary conditions. These two angles of attack imply
strong differences in terms of complexity and number of progress
variables needed, which have been discussed at many places in the
literature already, for example, the fact that diffusion of energy to-
ward fresh gases helps in reducing the size of the subspace that
needs to be considered [3,5,11].

The next section describes the model problem formulation;
then the projection solution for a single progress variable is dis-
cussed, with two options to control the amplitude of the species
derivatives in progress variable space. The solution method is the
object of the next section. Finally, results are applied to chemical
databases representative of those used in most numerical simula-
tion of turbulent flames, relying on flamelet modeling.

2. Model problem description

Let us define V = {x(t)} = {x(t1), . . . , x(tp)} as a set of p points
describing the Lagrangian trajectory of a fluid particle along which
the response of a chemical system is known; in other words, the
species concentrations and temperatures at those p points are
solutions of a combustion problem addressed by a given detailed
reaction mechanism, so that combustion progresses from fresh
gases at point 1, up to fully burnt equilibrium at point p. The fresh
gases’ initial condition on these ‘chemical trajectories’ is character-
ized by the parameter Z, which may be, for instance, the equiva-
lence ratio of the mixture, expressed in terms of mixture
fraction, a passive scalar equal to unity (respectively zero) in pure
fuel (respectively in pure oxidizer), or any atomic concentration
useful to characterize the fuel/air ratio of the mixture transported
by the fluid particle. For each x 2 V, the vector Y(x, Z) =
(Y1(x, Z), . . . , Yn(x, Z))T is an n dimensional column vector defined
at the point x and related to the condition Z, where Yi(x, Z) repre-
sents the mass fraction of the species i for (x, Z).

A one-dimensional composition space is defined from linear
combinations of the n-directions. As previously done at
many places in the literature [3,6,11,12,26,27], this subspace is
defined as

Ycðx; ZÞ ¼
Xn

i¼1

aiY iðx; ZÞ x 2 V : ð1Þ

The objective is to find the vector ai that allows defining a sub-
space whose coordinates verify the two constraints:

C1. The progress variables Yc are monotonically evolving when
progressing from fresh to burnt gases along the chemical
trajectories, so that all species may be expressed as single-
valued functions of Yc. Specifically, Yc must be continuously
growing from fresh to burnt gases, so that Yc(x, Z) can be
uniquely inverted to form x(Yc, Z). Since Yi(x, Z) is already
known, Yi(x(Yc), Z) is now available and denoted as Yi(Yc, Z),
which is expressed in a unique manner for a given set of
trajectories.

C2. Species concentrations should not vary too rapidly versus
these progress variables; otherwise a small deviation in
the determination of Yc would be reflected in large errors
in the Yi expressed in this subspace, and the resulting look-
up table would not be accurate.
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Fig. 1. (a) Circles: YOH $ 800. Line: Ya
c verifying optimization constraints. Dashed:

Yb
c ¼ YCO þ YCO2 . (b) YOH$ 800. Line: tabulation with Ya

c . Dashed: tabulation with Yb
c .
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